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ABSTRACT 
The S-49 s a t e l l i t e ,  launched on 5 September 1964, carried a p a i r  of 
r a d i o  beacons o p e r a t i n g  a t  harmonically r e l a t e d  f r e q u e n c i e s  modulated by 
20- and 200-kc s i g n a l s .  T h e  radio-beacon experiment w a s  designed o 
i n v e s t i g a t e  t h e  exosphere by  s tudy ing  t h e  behavior  of t h e  columnar elec- 
t r o n  c o n t e n t  between ground and s a t e l l i t e  as t h e  l a t t e r  moves from p e r i -  
gee  t o  apogee i n  i t s  h i g h l y  e c c e n t r i c  o r b i t .  To avoid e r r o r s  a r i s  ng 
from over -s impl i f  i e d  assumptions about t h e  dense  ionosphere ,  which would 
mask the  e f f e c t s  i n  the  exosphere, s imul taneous  measurements were made 
of t h e  d i f f e r e n t i a l - D o p p l e r  frequency and t h e  Fa raday- ro ta t ion  angle .  
The former p rov ides  columnar-content i n fo rma t ion  from ground t o  t r a n s -  
m i t t e r  w h i l e  t h e  l a t te r  y i e l d s  columnar-content i n fo rma t ion  determined 
mainly by the i o n i z a t i o n  i n  the  lower ionosphere .  The d i f f e r e n c e  between 
t h e  c o n t e n t s  t h u s  obta ined  can be a t t r i b u t e d  t o  t h e  columnar c o n t e n t  of 
t h e  exosphere up t o  s a t e l l i t e  h e i g h t  and should be e s s e n t i a l l y  independent 
of v a r i a t i o n s  i n  the lower ionosphere.  
The o b j e c t i v e  of the p resen t  r e p o r t  i s  t o  d e s c r i b e  t h e  unde r ly ing  
p r i n c i p l e s  and t h e  techniques f o r  t r a n s l a t i n g  t h e  rad d a t a  r ece ived  from 
the  EGO beacon experiment i n t o  cu rves  of s l a n t  columnar c o n t e n t  i n  t he  
exosphere v s  t i m e .  These curves  are the  s t a r t i n g  p o i n t  f o r  an a n a l y s i s  
of t he  exospher ic  behavior .  Such an a n a l y s i s ,  however, i s  n o t  a p a r t  of 
t h e  p r e s e n t  r e p o r t .  
The u s u a l  f i r s t - o r d e r  a n a l y s i s  of t h e  d i f f e r e n t i a l - D o p p l e r - f r e q u e n c y  
and t h e  Fa raday- ro ta t ion -ang le  da ta  i s  complicated i n  t h e  p r e s e n t  case 
by the  r o t a t i o n  of the  satell i te antenna. The e f f e c t  of t h i s  r o t a t i o n  
i s  i n v e s t i g a t e d  and methods f o r  t a k i n g  i t  i n t o  account are developed. 
The effects  of v a r i o u s  approximations u s u a l l y  made i n  the  f i r s t - o r d e r  
a n a l y s i s  are i n v e s t i g a t e d  and, when necessa ry ,  p roper  c o r r e c t i o n s  are 
in t roduced .  
I n  b r i e f ,  t h e  u s e  of t h i s  r e p o r t  w i l l  pe rmi t  t he  s p e c i f i c a t i o n  of 
s c a l i n g  t echn iques  f o r  t h e  records  bea r ing  t h e  raw d a t a  from t h e  sa te l -  
l i t e  and t h e  w r i t i n g  of computer programs t h a t  w i l l  y i e l d  exospher ic  
columnar c o n t e n t s .  
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I. INTRODUCTION 
Measurement of t h e  columnar c o n t e n t  of t h e  ionosphere  by means of 
sa te l l i tes  i s ,  by now, a w e l l - e s t a b l i s h e d  t o o l  f o r  t h e  s tudy  of t h e  
ion ized  l a y e r s  of t h e  e a r t h ' s  atmosphere. D i u r n a l ,  s easona l ,  and s o l a r -  
c y c l e  v a r i a t i o n s  i n  t h e s e  l a y e r s  have been ana lyzed .  Continuous monitor- 
i n g  of t h e  columnar c o n t e n t  through t h e  u s e  of g e o s t a t i o n a r y  s a t e l l i t e s  
i s  y i e l d i n g  r i c h l y  d e t a i l e d  a d d i t i o n a l  i n fo rma t ion  on d i u r n a l  v a r i a t i o n s ,  
and t h e  c h a r a c t e r i s t i c s  of observed i r r e g u l a r i t i e s  have been measured. 
L a t i t u d e  dependence of t h e  i o n i z a t i o n  has  a l s o  been an o b j e c t i v e  of 
r e s e a r c h  by t h i s  method. 
The p r e s e n t  r e p o r t  d e s c r i b e s  t h e  t echn iques  used t o  extend s a t e l l i t e  
measurements of columnar con ten t  t o  t h e  i n v e s t i g a t i o n  of t h e  exosphere.  
- 1 -  SEL-65-063 
11. THE SATELLITE 
The S-49 sa te l l i t e ,  a l s o  known as EGO ( E c c e n t r i c  Geophysical 
Observa tory)  or  OGO-A, was launched on 5 September 1964 and carr ies  
aboard ,  among o t h e r  exper iments ,  a p a i r  of r a d i o  beacons o p e r a t i n g  a t  
harmonica l ly  r e l a t e d  f r e q u e n c i e s  (40 .01  and 360.09 M c ) ,  which are modu- 
l a t e d  by 20- and 200-kc s i g n a l s .  The v a r i o u s  s p e c t r a l  components have t h e  
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1 2 . 5  
The 40-Mc t r a n s m i t t i n g  an tenna  i s  a s imple  d i p o l e  ( g a i n :  2 a b ) ;  t h e  
360-Mc antenna is a yagi ( g a i n :  8 d b ) .  The o r b i t  of t h e  s a t e l l i t e  i s  
h i g h l y  e c c e n t r i c :  apogee i s  a t  n e a r l y  149,000 km, w h i l e  p e r i g e e  (which 
o c c u r s  a t  about 20° S geographic  l a t i t u d e )  h a s  been s t e a d i l y  i n c r e a s i n g  
i n  h e i g h t ,  a t  a r a t e  of some 5,000 km/year. On 28 February  1965, i t  was 
a t  s l i g h t l y  more than  3,000-km a l t i t u d e .  The pe r iod  of t h e  o r b i t  i s  ve ry  
n e a r l y  64 hour s .  The i n c l i n a t i o n  of t h e  o r b i t ,  u n l i k e  t h a t  of less- 
e c c e n t r i c  satell i tes,  i s  a l s o  growing. 
a t  t h e  above da te ,  i t  had reached a v a l u e  of 39 .1  deg. 
The r a t e  i s  about 18 deg/year ;  
I t  was planned t o  have an e a r t h - s t a b i l i z e d  s a t e l l i t e ,  but  d i f f i c u l t i e s  
t h a t  appeared immediately a f t e r  launch  caused t h e  s a t e l l i t e  t o  s p i n  a t  a 
rate of 5 rpm, in t roduc ing  some unexpected c o m p l i c a t i o n s  i n  t h e  r a d i o -  
beacon experiment. The s p i n - a x i s  o r i e n t a t i o n  i s  n o t  known p r e c i s e l y .  
Values of 42 .5  deg i n  r i g h t  ascens ion  and -9 deg  i n  d e c l i n a t i o n ,  sugges ted  
by some independent measurements, were used i n  i n t e r p r e t i n g  t h e  d a t a .  
F i g u r e  1 shows t h e  g e n e r a l  c o n f i g u r a t i o n  of t h e  s a t e l l i t e .  
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FIG. 1. GENERAL CONFIGURATION OF THE EGO, SHOWING 
THE POSITIONS OF THE TWO RADIO-BEACON ANTENNAS. 
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111. GENERAL DISCUSSION OF THE ANALYSIS 
The radio-beacon experiment aboard t h e  EGO s a t e l l i t e  was designed 
w i t h  t he  o b j e c t i v e  of i n v e s t i g a t i n g  t h e  exosphere by s tudying  t h e  be- 
h a v i o r  of t h e  columnar e l e c t r o n  c o n t e n t  between ground and s a t e l l i t e  
as t h e  l a t t e r  rises from p e r i g e e  i n  i t s  very  e c c e n t r i c  o r b i t .  S i n c e  t h i s  
involves  looking a t  a tenuous exosphere through a much d e n s e r  ionosphere ,  
i t  became immediately apparent  t h a t  s imple assumptions about t he  l a t t e r ,  
such as t i m e  i n v a r i a n c e  and h o r i z o n t a l  s t r a t i f i c a t i o n ,  would l e a d  t o  
e r r o r s  t h a t  would completely mask t h e  effects sought .  To avoid t h i s  
d i f f i c u l t y ,  i t  was decided t o  make s imultaneous measurements of t he  
d i f f e r e n t i a l - D o p p l e r  f requency and t h e  F a r a d a y - r o t a t i o n  ang le .  The former 
can be t r a n s l a t e d  i n t o  columnar c o n t e n t  from ground t o  t r a n s m i t t e r  w h i l e  
t h e  l a t t e r ,  being weighted by t h e  geomagnetic f i e l d ,  y i e l d s  columnar 
c o n t e n t  determined mainly b y  t h e  i o n i z a t i o n  below, s a y ,  1000 km. The 
d i f f e r e n c e  between the  c o n t e n t s  t h u s  obta ined  can  be a t t r i b u t e d  t o  t he  
columnar conten t  o f  t h e  exosphere up t o  s a t e l l i t e  h e i g h t  and should b e  
f a i r l y  independent of t h e  v a r i a t i o n s  i n  t h e  lower ionosphere .  
Both t h e  d i f f e r e n t i a l - D o p p l e r - f r e q u e n c y  and t h e  F a r a d a y - r o t a t i o n - a n g l e  
methods r e q u i r e  independent measurement of an a b s o l u t e  r e f e r e n c e  va lue- -  
i n  t h e  Doppler method because o f  an unknown i n t e g r a t i o n  c o n s t a n t  and i n  
Faraday method because of t h e  u n c e r t a i n t y  i n  t h e  number of h a l f  r o t a t i o n s .  
The a b s o l u t e  r e f e r e n c e  for Doppler i s  d e r i v e d  from group-delay 
measurements and, as can be  seen i n  F i g ,  2,  t h e r e  i s  a good agreement be- 
tween t h e  shapes of  t h e  columnar-content-vs-time c u r v e s  o b t a i n e d  by t h e  
two methods. Unfortunately,  i n s t r u m e n t a t i o n  d i f f i c u l t i e s  have caused us 
t o  p l a c e  l i t t l e  reliance on t h e  a b s o l u t e  v a l u e s  t h u s  o b t a i n e d .  I t  appears ,  
however, t h a t  t h e r e  i s  no fundamental  d i f f i c u l t y  i n  t h e  method and i t  
can probably be made to  y i e l d  u s e f u l  r e s u l t s .  Many c o n c l u s i o n s  can  be  
drawn from t h e  EGO radio-beacon d a t a  even when t h e s e  a b s o l u t e  v a l u e s  
are unknown, because t h e y  do n o t  affect  t h e  shape  of t h e  columnar-content-  
vs- t ime curve .  
The measurement of t h e  a b s o l u t e  r e f e r e n c e  l e v e l  for t he  Faraday- 
r o t a t i o n - a n g l e  columnar-content curve  i s  more c r i t i c a l  because here t h e  
s l o p e  of t h e  curve i s  dependent on the  l e v e l ,  which i s  d e r i v e d  from the  
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FIG. 2. COLUMNAR CONTENT VS TIME, DERIVED FROM GROUP-DELAY 
MEASUREMENTS. Shape of cu rve ,  i n  g e n e r a l ,  shows good agreement 
w i t h  r e s u l t s  ob ta ined  from d i f f e r e n t i a l  -Doppler-f requency data.  
d i f f e r e n t i a l - F a r a d a y - r o t a t i o n  a n g l e  between t h e  two 200-kc s idebands  of 
t h e  40-Mc s i g n a l .  Th i s  l a t t e r  measurement l e a d s  t o  a wide scat ter  of 
p o i n t s  ( F i g .  3) b u t ,  wi th  s u i t a b l e  averaging  p rocess ,  i t  i s  be l i eved  
t h a t  e r r o r s  of less than  +lo p e r c e n t  can  be  a t t a i n e d .  Our conf idence  
i n  t h i s  accuracy i s  bo l s t e red  by comparisons wi th  s imul taneous  measure- 
ments made w i t h  Syncom I11 and s -66  satel l i tes  [ G a r r i o t t ,  Smith and 
Yuen, 19651. 
Curves of columnar dens i ty  vs  t i m e  are shown i n  F i g .  4 .  The Doppler 
and Faraday r e s u l t s  are obta ined  independent ly ,  and i t  can be  seen  t h a t  
t h e  i r r e g u l a r i t i e s  i n  t h e  ionosphere are f a i t h f u l l y  reproduced i n  bo th  
traces. For t h e  p r e s e n t  i n v e s t i g a t i o n ,  i t  i s  t h e  d i f f e r e n c e  between t h e  
two s l a n t - c o n t e n t  curves  tha t  i s  of i n t e r e s t .  F igu re  5 shows t h i s  d i f -  
f e r e n c e  f o r  t h e  t h r e e  days r ep resen ted  i n  F i g .  4. Because of t h e  d i f f i -  
c u l t i e s  mentioned be fo re  with t h e  group-delay measurements, i t  w a s  
imposs ib l e  t o  a s s i g n  a c o r r e c t  v a l u e  t o  t h e  magnitude of t h e  d i f f e r e n c e ;  
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FIG. 3. COLUMNAR CONTENT VS TIME, DERIVED FROM DIFFERENTIAL- 
FARADAY MEASUREMENTS, SHOWING WIDE SCATTER DUE TO SCALING 
DIFFICULTIES. A s t e r i s k s  r e p r e s e n t  v a l u e s  of running  mean 
through measured p o i n t s .  
t h e  shape of the  cu rve  v s  h e i g h t  or t i m e ,  however, g i v e s  u s e f u l  i n f o r -  
mation. 
F i g u r e  6 shows r ep roduc t ions  of two s t r e t c h e s  of t h e  g r a p h i c - r e c o r d e r  
c h a r t s  t h a t  c o n s i t u t e  t h e  raw d a t a  used. I t  can  be seen t h a t ,  under 
c e r t a i n  c o n d i t i o n s ,  t h e  d i f f e r e n t i a l - D o p p l e r  b e a t  n o t e  has  a ve ry  d i s -  
t o r t e d  shape, which can i n t r o d u c e  c o n s i d e r a b l e  d i f f i c u l t i e s  i n  t h e  
s c a l i n g .  The cause of t h i s  d i s t o r t i o n  i s  exp la ined  i n  Chapter I V .  
The amplitude f l u c t u a t i o n s  of t h e  360-Mc carr ier ,  be ing  r e l a t i v e l y  
u n a f f e c t e d  by the Faraday e f f e c t ,  are used t o  measure t h e  s p i n  ra te  of 
t h e  s a t e l l i t e .  The d i f f e r e n t i a l - F a r a d a y  d a t a  are ob ta ined  by s c a l i n g  
t h e  t i m e  d i f f e r e n c e  between t h e  lower- and upper-sideband minima and com- 
p a r i n g  t h i s  w i t h  t h e  pe r iod  between two c o n s e c u t i v e  minima of one of t h e  
s idebands ,  
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F I G .  4. COLUMNAR ELECTRON CONTENT VS TIME, SHOWING BOTH DOPPLER 
AND FARADAY RESULTS. Sunset and s u n r i s e  e f f e c t s  are c l e a r l y  v i s i b l e  
i n  t h e  beginning of t h e  v e r t i c a l - c o n t e n t  c u r v e s  f o r  a. and c . ,  
r e s p e c t i v e l y .  Ionospheric  i r r e g u l a r i t i e s ,  more p r e v a l e n t  d u r i n g  t h e  
day, can  be seen  i n  b.  Nighttime i o n i z a t i o n  i n  t h i s  phase of t h e  
sunspot  c y c l e  seems to  be q u i t e  s t e a d y .  
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FIG. 5. DIFFERENCE BETWEEN SLANT COLUMNAR DENSITIES OBTAINED FROM 
DOPPLER AND FARADAY MEASUREMENTS ON THREE REPRESENTATIVE DAYS 
SHOWN I N  FIG. 4.  
The Fa raday- ro ta t ion  ang le  i s  obta ined  by s c a l i n g  t h e  t i m e  of occur -  
r ence  of a minimum t o  t h e  n e a r e s t  0 .1  sec, and comparing t h e  i n t e r v a l  
between two minima wi th  t h e  s p i n  per iod  of t h e  sa te l l i t e .  The 
d i f f e r e n t i a l - D o p p l e r  f requency  i s  sca l ed  by a s imple  c y c l e  coun t .  Group- 
de l ay  d a t a  are c o l l e c t e d  by anno ta t ing  t h e  phase-meter  r ead ings .  I n  
g e n e r a l ,  a l l  d a t a  were scaled a t  1-min i n t e r v a l s .  
I n  view of the f a c t  that  o u r  i n t e r e s t  l i e s  i n  obse rv ing  t h e  small 
d i f f e r e n c e  between two l a r g e  columnar-content  v a l u e s ,  i t  became impor tan t  
t o  examine c r i t i c a l l y  a l l  approximations made. S e v e r a l  c o r r e c t i o n s  had 
t o  be in t roduced  i n t o  t h e  f i r s t - o r d e r  t heo ry ,  which i s  b r i e f l y  reviewed 
i n  Chapter  V I I .  The approximations and c o r r e c t i o n s  mentioned are d e a l t  
with i n  subsequent c h a p t e r s .  
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FIG. 6. EXAMPLES OF GRAPHIC-RECORDER CHARTS CONTAINING THE 
RAW DATA USED IN THIS STUDY. 
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I V .  SIGNALS RECEIVED FROM A SPINNING ANTENNA 
A.  GENERAL 
The EGO was designed t o  be s t a b i l i z e d  and e a r t h - o r i e n t e d ,  Unfor- 
t u n a t e l y ,  t h i s  o b j e c t i v e  was not  achieved and t h e  ground obse rve r  re- 
c e i v e s  a s i g n a l  r a d i a t e d  from a sp inning ,  l i n e a r l y  po la r i zed  antenna 
whose f i r i n g  axis  (de f ined  i n  Sec t ion  B )  i s  not  p a r a l l e l  t o  t h e  s p i n  a x i s .  
I n  a d d i t i o n ,  the  antenna i s  seen under cont inuous ly  vary ing  a spec t  angle  
as t h e  s a t e l l i t e  moves i n  i t s  o r b i t .  
This  unexpected motion causes  not  on ly  an ampli tude modulation due 
t o  t h e  wobbling of t h e  r a d i a t i o n  p a t t e r n  but  a l s o  r e s u l t s  i n  t h e  a d d i t i o n  
of t h e  s p i n  frequency t o  (or t he  s u b t r a c t i o n  of i t  from) the r a d i a t e d  
frequency when t h e  r ece iv ing  antenna i s  c i r c u l a r l y  p o l a r i z e d .  The 40- 
and 360-Mc s i g n a l s  are thus  no longe r  i n  s tr ict  harmonic r e l a t i o n s h i p ,  
and a bea t  no te  appears  i n  the combined ou tpu t  of t h e  two d i f f e r e n t i a l -  
Doppler r ece ive r s .  T h i s  e f f e c t  has t o  be taken i n t o  account when i n t e r -  
p r e t i n g  t h e  da ta .  
B.  DIFFERENTIAL-DOPPLER BEAT FREQUENCY 
Define t h e  f i r i n g  a x i s  of an antenna as any chosen l i n e  i n  t h e  
e q u a t o r i a l  plane of a d i p o l e  or t h e  l i n e  i n  t h e  e q u a t o r i a l  p l a n e  of a 
y a g i  corresponding t o  t h e  d i r e c t i o n  of maximum r a d i a t i o n ,  Consider  a 
l i n e a r l y  polar ized  antenna,  sp inn ing  around an axis t h a t  makes an angle  
a with  t h e  f i r i n g  a x i s ,  as i n  F ig .  7 .  
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FIG. 7 .  ANGLES BETWEEN ANTENNA 
FIRING AXIS, LINE OF SIGHT, 
AND SPIN AXIS. 
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A s  seen by an observer  whose l i n e  of s i g h t  makes an ang le  < wi th  
t h e  s p i n  axis, one ex t remi ty  of t h e  antenna appears  t o  d e s c r i b e  an e l l i p s e ,  
as shown i n  F i g ,  8. 
t' 
- - - - - - - - - 
-- --- FIG. 8. GENERAL ELLIPSE DESCRIBED BY THE 
a EXTREMITY OF THE ANTENNA AS SEEN FROM 




I f  w e  assume t h a t  t h e  r a d i a t i o n  p a t t e r n  of t h e  antenna i s  t h a t  shown 
i n  F ig .  9, then  i t  can be shown t h a t  t h e  f i e l d  s t r e n g t h  i s  p r o p o r t i o n a l  
t o  t h e  apparent  l e n g t h  of t h e  antenna p ro jec t ed  on a p lane  pe rpend icu la r  
t o  t h e  l i n e  of s i g h t  and t h a t ,  i n  consequence, F ig .  13 a l s o  r e p r e s e n t s  
t h e  f i e l d  s t r e n g t h  E near t h e  r e c e i v e r .  
ANTENNA 
The geometry i n d i c a t e d  i n  F ig .  10 al lows u s  t o  r e l a t e  t h e  parameters  
b and c of t h e  e l l i p s e  t o  t h e  angles  a and <. The va lue  of a can 
be taken  a s  a r e f e r e n c e  s c a l e  f a c t o r ,  
2c = a s i n  < tan a 
b = a c o s < .  
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FIG. 10. SIDE VIEW OF CONE DESCRIBED 
BY A SPINNING ANTENNA WHOSE FIRING 
AXIS MAKES AN ANGLE CX WITH THE 
SPIN AXIS. 
L e t  u be t h e  angular  f requency of t h e  r a d i a t e d  s i g n a l  and CD t h e  1 
angular  s p i n  frequency of t he  antenna.  The r o t a t i n g  v e c t o r  i n  F i g .  8 
r e p r e s e n t s  a l i n e a r l y  po la r i zed  e l e c t r i c  f i e l d  wi th  components 
E = 2a s i n  u t c o s  ut (14 
= 2 ( c  + b COS t )  COS ut (1b )  EY 1 
X 1 
and p o i n t i n g  i n  a d i r e c t i o n  
a s i n  cu t 
1 
1 Jr = a r c t a n  
c+b cos cu t ' 
Equat ion (1) can be  r e w r i t t e n  a s  
E = a sin(cu+wl)t - a sin(cu-cu ) t  E E + E 
L X R 
X 1 X 
and 
b cos(wnul ) t ]  + [c c o s  cut  + b 
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Assume now t h a t  w e  have a c i r c u l a r l y  p o l a r i z e d  r e c e i v i n g  antenna 
c o n s i s t i n g  of two or thogonal  l i n e a r  e lements ,  one o r i e n t e d  along t h e  x 
and one along t h e  y d i r e c t i o n ,  and connected i n  such a way t h a t  t h e  
y-element v o l t a g e  i s  r e t a r d e d  a q u a r t e r  per iod  
i s  r i g h t  c i r c u l a r l y  p o l a r i z e d ,  The ou tpu t  v o l t a g e  i s  t h e  sum of the 
v o l t a g e s  from each element.  
(n/20). Such an an tenna  
E = E  ( t ) + E  (t- &) + Ex ( t )  + E 
R YR L YL 
X 
= a s in(wtw ) t  + c c o s  cu ( t -  - L) + b c o s [ ( w l ) ( t -  &)] - a sin(cu-cu 1 )t 
+ c c o s  cu ( t -  - L) + b cos[(U-Ul)(t- &)] 
1 
fi cul) - a sin(co-cu I t  1 (.t - ; + c u l t  - - -  2 c u  = a sin(wtw ) t  + c s i n  cut  + b c o s  1 
+ c s i n  cut  t b c o s  c o t + - -  
But cu << cu; hence t h e  term (n/2)(cu1/cu) can  be dropped: 
1 
E = a sin(wKu 1 )t  + b c o s  [(ut- %) + cult] + 2c s i n  cut - a sin(cu-cu 1 > t  
+ b cos[(LOt- z )  - cult] 
= a sin(w+w ) t  + b s i n  cut cos  c u , t  + b c o s  cu t  s i n  c u , t  + 2c s i n  cut 1 I A 
- a sin(cu-w ) t  + b s i n  cut c o s  cu t - b c o s  cut  s i n  cu t 1 1 1 
= a sin(wtco ) t  + b s i n ( w l ) t  + 2c s i n  cut - a sin(w-cul)t + b sin(w-co ) t  1 1 
= (b+a)  sin(wKu 1 )t  + ( b - a )  sin(cu-cul)t + 2c s i n  cut . (3)  
W e  observe  t h a t ,  when c = 0 and a = b (i.  e. , when w e  are looking  
down t h e  s p i n  a x i s )  then the  r e c e i v i n g  an tenna  descr ibed  above r e c e i v e s  
on ly  t h e  ER 
component because t h e  r a d i a t i o n  can  be s p l i t  i n t o  two 
- 13 - SEL-65-063 
AE = AB - BF + FE = ( b + a )  + ( b - a )  c o s  2u, t + 2c COS t 1 1 
DE = -FC + DG = ( b - a )  s i n  2u, t + 2c s i n  ult 
1 
( b - a )  s i n  2co t + 2c s i n  w l t  1 - DE tan 'CW = AE - ( b + a )  + ( b - a )  c o s  2u,. t + 2C COS u) t ' 1 1 
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c i r c u l  ar 
p r e s e n t ,  
When 
quenc i es 
components, When a f b and c f 0,  t h e r e  are t h r e e  f r e q u e n c i e s  
namely, w-wl, w, and ml. 
seen  pe rpend icu la r ly  t o  t h e  s p i n  a x i s ,  t h e  f i r s t  and t h i r d  f r e -  
are a s soc ia t ed  w i t h  s i g n a l s  of i d e n t i c a l  amplitude.  A t  o t h e r  
view a n g l e s ,  one of t h e s e  w i l l  predominate,  wh i l e  t h e  s i g n a l  w i th  f r e -  
quency w i s  always small ,  
I n  t h e  case of the EGO, t h e  s p i n  f requency  i s  approximately 1/12 cps .  
The loop  f i l t e r  of most phase- lock  r e c e i v e r s  w i l l  accept  a band of more 
than  10  cps .  It  i s  t h e r e f o r e  clear t h a t  t h e  VCO w i l l  l ock  on t h e  com- 
bined s i g n a l ,  assuming an average f requency  equa l  t o  t h a t  of t h e  most 
i n t e n s e  of t h e  t h r e e  components wh i l e  t h e  remaining two w i l l  phase- 
modulate t h e  output .  
T h i s  f a c t  can be v i s u a l i z e d  i f  Eq. (3) i s  r ep resen ted  by phasors  
p l o t t e d  on a frame r o t a t i n g  wi th  an angu la r  speed equa l  t o  t h e  angu la r  
f requency  of t h e  dominant component. 
L e t  t h e  amplitude of phasor  AB = a+b, t h a t  of BC = a-b ,  and t h a t  
of CD = 2 ~ .  
I f  a > 0 ,  then  t h e  dominant component h a s  f requency  u-ta and t h e  1 
VCO w i l l  have a phase (ml)t+@cw, where #, can  be  determined by 
s tudy ing  Fig .  11. 
/ \  
B/ 2w,t 
FIG. 11. PHASORS REPRESENTING EQ. ( 3 ) .  
The VCO w i l l  have t h e  same average  
f requency  as t h a t  of phasor AB but  
I \  
D w i l l  be  phase-modulated by $. ' -J?l 
C G 
c o s  w 1 t 
I f  t h e  s p i n  i s  counterclockwise,  then  t h e  VCO w i l l  have a phase 
( w - y  1 t+gcm, 
- ( b t a )  s i n  2ult - 2c s i n  cu t 1 - 
tan 'cCW - ( b - a )  t (b+a)  c o s  2u t + 2c c o s  (i! t 
1 1 
and a < 0. 
S ince  two harmonically r e l a t e d  f r e q u e n c i e s  w and nu ( n  = 9 )  are 
t r a n s m i t t e d ,  t h e  phases  of t he  VCO's of t h e  two r e c e i v e r s  on t h e  ground 
w i l l  be 
r e s p e c t i v e l y .  (The higher-frequency r e c e i v e r  has  i t s  VCO e f f e c t i v e l y  
locked a t  l / n  times t h e  incoming f requency .  ) 
The phase comparator w i l l  see t h e  d i f f e r e n c e  
@,iff = W l ( l  - ;) t + $(1 - ;) 
o r  
8 
$diff  = -($ 9 CW + c u l t )  . 
If t h e  s p i n  d i r e c t i o n  w e r e  r eve r sed ,  t h e n  w e  would have 
8 
$,iff = d$CCW - c u l t )  . 
F i n a l l y ,  i f  one of t h e  r e c e i v i n g  an tennas  i s  l e f t  and t h e  o t h e r  r i g h t  
c i r c u l a r ,  t hen  t h e  phase d i f f e r e n c e  w i l l  be  
10 
$&,, = F ( 0  -I cu 1 t )  . 
In  conc lus ion ,  t h e  sp inning  an tenna  on t h e  s a t e l l i t e  c a u s e s  a b e a t  
n o t e  t o  appear i n  t h e  ou tpu t  of t h e  phase comparator. The f requency  of 
t h i s  b e a t  (which must be removed i n  o r d e r  t o  r ecove r  t h e  i o n i z a t i o n  
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e f f e c t s )  can  be e i t h e r  8/9 or 10/9 t h e  s p i n  f requency ,  depending on 
t h e  r e l a t i v e  p o l a r i z a t i o n  of t h e  40- and 360-Mc antennas  on t h e  ground. 
The b e a t  i s  n o t  s i n u s o i d a l ,  be ing  d i s t o r t e d  by t h e  phase  modulation as a 
r e s u l t  of t h e  t i m e  dependence of #. 
When t h e  view ang le  < i s  s m a l l ,  t h e  d i s t o r t i o n  i s  i n s i g n i f i c a n t .  
A s  < i n c r e a s e s ,  $ becomes more s i g n i f i c a n t  and, as 90 deg i s  approached, 
wild deformat ions  i n  t h e  wave shape appear ,  making i t  n e a r l y  imposs ib l e  
t o  scale a c c u r a t e l y .  
T h i s  f a c t  i s  i l l u s t r a t e d  i n  F ig .  1 2 ,  which shows t h e  computer- 
syn thes i zed  waveforms r e p r e s e n t i n g  s i n  $dif f o r  ~1 = 7.5 deg, an 8 /9  
c o e f f i c i e n t ,  and  v a r i o u s  v a l u e s  of <. These may be compared w i t h  t h e  
waveforms i n  Fig. 6. 
C. PHASE MODULATION RESULTING FROM SEPARATION OF SATELLITE ANTENNAS 
Because t h e  f i r i n g  axes of t h e  40- and 360-Mc antennas  are n o t  
c o l l i n e a r ,  t h e r e  should be a phase modulation i n  e x a c t l y  t h e  same rhythm 
as t h e  r o t a t i o n  r a t e ,  except  when w e  observe  t h e  s a t e l l i t e  e x a c t l y  a long  
t h e  s p i n  axis.  Such a phase modulation i s  a l s o  r e s p o n s i b l e  for t h e  con- 
s i d e r a b l e  d i s t o r t i o n  of t h e  waveforms. The p e r t i n e n t  geometry i s  d i s -  
played i n  F ig .  13. The r o t a t i o n  of t h e  v e h i c l e  c a u s e s  t h e  r e l a t i v e  
d i s t a n c e s  of t he  two antennas  t o  t h e  obse rve r  t o  va ry  c y c l i c a l l y ,  so t h a t  
t h e  r ece ived  phase fi0 
v a r i a t i o n s )  i s  
( i n  t h e  absence of r a d i a l  motion or i o n o s p h e r i c  
2n 
$do (t) = fdqO(O) + ( ~ ) ~ ~ t  + - 2b s i n  < s i n  (I) t * u) t 1 1 
40 h,, 
and 
where: (I) i s  t h e  angu la r  f requency  f ed  t o  t h e  40-Mc antenna;  A 
r e p r e s e n t s  t h e  wavelengths a s s o c i a t e d  w i t h  t h e  two r a d i a t e d  c a r r i e r s ;  
a ,  b ,  and < are s e l f - e v i d e n t  from F ig .  13 ;  and m1 is t h e  a n g u l a r  s p i n  
f requency .  Neglec t ing  t h e  i n i t i a l  phases ,  which are un impor t an t ,  w e  
40 
SEL-65-063 - 16  - 
I .  
CCW SPIN 5 =SO" /?Jv-v 
/ W W k  
' b  \j ~LJWPdv-h  
\ ~ ~ p ~ J T ~ ~  
b w L L / p b  
b / T T -  
,\ 
CCW SPIN 5 = 60" 
CCW SPIN 5 =70° 
CCW SPIN 5 = 80" 
CW SPIN 5 = 80" 
CW SPIN 5 = 70" 
CW SPIN 5 =60° 
CW SPIN 5 = 50" 
CW SPIN 5 =40" 
FIG. 12. WAVEFORMS SYNTHESIZED BY A DIGITAL COMPUTER REPRESENTING THE 
OUTPUT OF THE PHASE COMPARATOR OF A DIFFERENTIAL-DOPPLER RECEIVING 
SYSTEM TUNED TO A SIGNAL RADIATED FROM TWO SPINNING DIPOLES. Angle 
between s p i n  and f i r i n g  axes w a s  7 .5  deg, and d i f f e r e n t  v a l u e s  of 
view ang le  < are shown. Both r e c e i v i n g  antennas were taken  as 
r i g h t  c i r c u l a r .  One can observe t h e  l a r g e  d i s t o r t i o n s  t h a t  appear 
when < approaches 90 deg. 
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I 
FIG. 13.  SCHEMATIC REPRESENTATION 
OF EGO SHOWING THE DIFFERENT 
QUANTITIES NECESSARY TO CALCULATE 
THE PHASE MODULATION RESULTING 
FROM THE SEPARATION OF THE 40- 
AND 360-MC ANTENNAS. 





o b t a i n  for t h e  phase of t h e  d i f f e r e n t i a l - D o p p l e r  b e a t ,  
2n 2(a+b)  s i n  < s i n  w t + Am t - -  1 1  
or  
4fi 
7.5 1 8, = -D s i n  5 s i n  cul t  + AU, t , 
where A can  assume one of t h e  f o u r  va lues  (8 /9 ,  -8/9,  10/9,  -10/9) as 
d i scussed  i n  the prev ious  s e c t i o n .  
When t h i s  a d d i t i o n a l  phase modulation i s  t aken  i n t o  account ,  t h e  
waveforms of t he  ou tpu t  of t h e  phase comparators  s u f f e r  a f u r t h e r  d i s -  
t o r t  i o n ,  
Changes i n  i o n i z a t i o n  i n  t h e  r aypa th  would r e s u l t  i n  a f requency  
i n  t h e  output  of t h e  phase comparator i f  t h e  s a t e l l i t e  d i d  n o t  s p i n .  f D  
To o b t a i n  f from t h e  observed f requency  f r ,  one a p p l i e s  t h e  equa t ion  
f D  = f r+Afl ,  where A i s  +8/9 o r  f10/9  depending on an tenna  p o l a r -  
iZati0; and s a t e l l i t e  s p i n  d i r e c t i o n ,  and f i s  t h e  apparent  Spin f r e -  
quency of t h e  s a t e l l i t e ,  as d i scussed  i n  S e c t i o n  A. 
- D 
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It  proves convenient  t o  use antennas f o r  40 and 360 M c  of o p p o s i t e  
p o l a r i z a t i o n .  Th i s  u s e  g i v e s  a l a r g e r  o f f s e t  and less chances of r e v e r s a l  
i n  t h e  s i g n  of 
d i f f i c u l t ,  I n  a d d i t i o n ,  i t  tu rns  o u t  t h a t  second-order  c o r r e c t i o n s  are 
much sma l l e r ,  i n  t h e  Northern Hemisphere, when t h e  40-Mc antenna is l e f t -  
p o l a r i z e d  [Ross, 19651. 
antenna f o r  40 Mc and t h e  r i g h t - c i r c u l a r  for 360 Mc. 
fD dur ing  a run, which might m a k e  t h e  s c a l i n g  more 
Th i s  f a c t  l e a d s  u s  t o  p r e f e r  t he  l e f t - c i r c u l a r  
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v. APPARENT SPIN RATE OF THE SATELLITE 
I n  t h e  c a l c u l a t i o n  of the t o t a l  e l e c t r o n  c o n t e n t  from both  t h e  Doppler 
and t h e  Faraday data ,  knowledge of t h e  e x a c t  s p i n  ra te  of t h e  s a t e l l i t e  
i s  a c r i t i c a l  f a c t o r .  
Although eddy-current l o s s e s  and o t h e r  phenomena tend  t o  reduce  t h e  
s p i n  r a t e  p r o g r e s s i v e l y ,  t h e  e f f e c t  i s  s m a l l  enough so as t o  be n e g l i g i b l e  
d u r i n g  any  p a r t i c u l a r  pass .  On the  o t h e r  hand, c e r t a i n  mechanical 
maneuvers on the  s a t e l l i t e ,  such a s  s lewing  t h e  s o l a r  p a n e l s ,  i n t roduce  
changes i n  t h e  s p i n  t h a t  cannot  be p r e d i c t e d ,  F o r t u n a t e l y ,  such maneuvers 
are i n f r e q u e n t  . 
What must be t aken  i n t o  account i n  t he  d a t a  r e d u c t i o n  i s  the  apparent  
v a r i a t i o n  i n  sp in  ra te  tha t  r e s u l t s  from the r e l a t i v e  motion of obse rve r  
and sa te l l i t e .  
Assume that  t h e  s p i n  a x i s  of the  s a t e l l i t e  i s  para l le l  t o  t h e  f i r i n g  
a x i s  of t h e  antenna, and c o n s i d e r  a p l a n e  Y de f ined  b y  t h i s  f i r i n g  a x i s  
and t h e  p o s i t i o n  of t h e  obse rve r .  L e t  Yo be a p l a n e  t h a t  c o i n c i d e s  
w i t h  Y at t = 0 and i s  f i x e d  i n  a frame t h a t  moves w i t h  the  obse rve r .  
Assume a l s o  t h a t  t h e  an tenna  f i r i n g  axis moves p a r a l l e l  t o  i t s e l f .  
A s  t h e  r e l a t i v e  p o s i t i o n s  of the  antenna f i r i n g  axis and t h e  obse rve r  
change, t h e  angle T between Y and Yo a l s o  changes.  
To compute t h e  apparent  s p i n  ra te  of t h e  an tenna ,  mark a r e f e r e n c e  
d i r e c t i o n  on t h e  p l a n e  pe rpend icu la r  t o  t h e  f i r i n g  axis and l e t  P be  
t h e  t i m e  i n t e r v a l  between two s u c c e s s i v e  o c c a s i o n s  when t h i s  d i r e c t i o n  
f a c e s  t h e  observer  ( F i g ,  1 4 ) .  I f  Po i s  t h e  t r u e  s p i n  p e r i o d ,  t h e n  
P = P + A t ,  where A t  i s  t h e  t i m e  necessa ry  f o r  t h e  an tenna  t o  r o t a t e  
through t h e  angle T and t h e  s i g n  depends on t h e  r e l a t i v e  motion of t h e  
obse rve r  and t h e  d i r e c t i o n  of t he  s p i n .  
0 
C l e a r l y ,  At = (T/2x)P0. 
I f  dT/dt i s  cons ide red  c o n s t a n t  over  one  p e r i o d ,  t h e n  
d r  d T  
d t  d t  0 
T = - p = - p  
or 
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, -  
ANTENNA FIRING 
AXIS (* TO PAPER) 
AT t = O  
INTERSECTION OF Y \<\ INTERSECTION OF Yo 
WITH PLANE OF PAPER -WITH PLANE OF PAPER 
OBSERVER (ON 
PLANE OF PAPER) 
FIG. 14. ANGLES INVOLVED IN CALCULATION OF 
APPARENT SPIN RATE OF SATELLITE ANTENNA. 
and 
P =  1F(P0/2n)(dT/dt)  
I t  now remains t o  compute for any g iven  i n s t a n t  of t h e  pas s .  
For t h i s  w e  w i l l  use  t h e  t o p o c e n t r i c  c o o r d i n a t e  systems descr ibed  i n  
dT/dt 
F ig .  15.  The Cartesian axes have t h e  d e c l i n a t i o n s  and r i g h t  a scens ions  
i n d i c a t e d  i n  F igs .  16  and 1 7 .  
+ 
If 
aos i s  t h e  u n i t  vec to r  i n  t h e  d i r e c t i o n  from observer  t o  
sa te l l i t e ,  then  t h e  d i r e c t i o n a l  c o s i n e s  w i l l  be 
a = c o s  E s i n  a 
OS1 
= c o s  E c o s  a a 
OS2 
a = s i n  E . 
O S 3  
L e t  Ss be  t h e  d e c l i n a t i o n  and a be t h e  r i g h t  ascens ion  of 
S -+ 
s p i n  a x i s ,  and l e t  a be a v e c t o r  i n  t h e  d i r e c t i o n  of t h i s  axis. The ss 




X,  NORTH 
ORIGIN: OBSERVER POSITION 
POLE 
\ \  X ,  EAST I 
CARTEZIAN COORDINATES 
XI  = EAST (HORIZONTAL) 
X z  = NORTH (HORIZONTAL) 
x, = UP 
SPHERICAL COORDINATES U\a 6 R = ELEVATION, AZIMU H, RANGE EAST UP FROM FROM HORIZONTAL NORTH 
NORTH 8 = TT-6 2 
2 
+ E  E - a  POLE 
FIG. 15. TOPOCENTRIC COORDINATE SYSTEMS USED AS REFERENCE 




A n LATITUDE OF OBSERVER 
FIG, 16. DECLINATION OF CARTESIAN AXES. 
d i r e c t i o n a l  cos ines  with r e s p e c t  t o  o u r  t o p o c e n t r i c  C a r t e s i a n  s y s t e m  
w i l l  be 
= -cos 6 cos a s i n ( k n  - LEQ) + cos 6s s i n  a c o s ( m  - LEQ) assl S S S 
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OBSERVER 
ALL LONGITUDES EAST 
.!a = LONGITUDE OF OBSERVER 
LEO= LONGITUDE OF EOUINOX 
a = RIGHT ASCENTION 
a , = 4 + 1 , , -  L E a  







a = Ir - LEO 
x ,  AXIS TRANSLATED 
ZERO MERIDIAN 
SEEN FROM THE NORTH 
F I G .  17.  RIGHT ASCENSION OF CARTESIAN AXES. 
= $cos 6 c o s  a s i n l h l  cos(Rn-Lm) i c o s  6, s i n  a s i n l h l  s i n ( l n - L m )  
OSS2 S S S 
+ s i n  6 c o s  h , ( 6 b )  S 
where t h e  upper s i g n  corresponds t o  t h e  Northern Hemisphere, and 
= c o s  6 c o s  a c o s  A cos(Rn-Lm) + c o s  6 s i n  a cos  A s i n ( R n - m )  
O S S g  S S S S 
+ s i n  6 s i n  A . ( 6 4  S 
The v e c t o r  
ss a y - a  x a  os (7) 
d e f i n e s  t h e  d i r e c t i o n  of plane Y a t  any g iven  moment. C l e a r l y  T i s  
t h e  ang le  between a 
+ --* 
and aye: Y 
ay ' aY0 
COS T = 
"Y ay0 
+ 
In t roduc ing  Eq. (5)  and  ( 6 )  i n t o  E q .  ( 7 )  one can f i n d  ay and, by 
-+ 
choosing an a r b i t r a r y  i n i t i a l  t i m e ,  can  o b t a i n  ayo. Consequently,  T 
can  b e  found from Eq. (8 ) .  
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To o b t a i n  dT/dt ,  T i s  computed a t  1-min i n t e r v a l s  and s u c c e s s i v e  
d i f f e r e n c e s  are taken .  
F i g u r e  18 shows t h e  t h e o r e t i c a l l y  computed c u r v e  of apparent  s p i n  
p e r i o d  ( s e e n  from S t a n f o r d )  v s  t i m e  f o r  t h e  2 November 1964 run.  The 
t r u e  s p i n  per iod of 12.024 sec was measured at  Goddard Space F l i g h t  
Center  u s i n g  sun-sensor d a t a ,  The exper imenta l  v a l u e s  follow t h e  g e n e r a l  
t r e n d  of t h e  t h e o r e t i c a l  c u r v e  and t h e r e  i s  a good agreement i n  t h e  
a b s o l u t e  va lues  of t h e  s p i n  p e r i o d  a f t e r  t h e  s h a r p  peak i s  passed.  
0 I 
1830 1900 1930 2000 2030 2100 2 
TIME (Z) 
50 
FIG. 18, APPARENT SPIN RATE OF SATELLITE ANTENNA 
AS SEEN FROM STANFORD. 
V I .  AZIMUTH CORRECTION FOR RECEIVING ANTENNA 
A s  t h e  r e c e i v i n g  antenna swings i n  azimuth, t r a c k i n g  t h e  sa te l l i t e ,  
t h e  p o s i t i o n s  of t h e  Faraday minima change even when t h e r e  i s  no modi f i -  
c a t i o n  i n  t h e  i n t e r v e n i n g  ion iza t ion .  I n  vacuum, t h e  minima would occur  
every  t i m e  t h e  sp inn ing  t r a n s m i t t i n g  antenna appeared t o  be pe rpend icu la r  
t o  t h e  d i r e c t i o n  of t h e  rece iv ing-antenna  element.  
L e t  P1 be  a p l ane  def ined by t h e  l i n e  of s i g h t  and t h e  d i r e c t i o n  
be t h e  p l ane  de f ined  by t h e  of  t h e  r ece iv ing -an tenna  element, and 
same l i n e  of s i g h t  and t h e  d i r e c t i o n  of t h e  t r ansmi t t i ng -an tenna  element.  
A s  t h e  l a t t e r  s p i n s ,  t h e  angle between P1 and P2 changes.  For any 
s p i n - a x i s  d i r e c t i o n  (except  perpendicular  t o  t h e  l i n e  of s i g h t ) ,  t h i s  
ang le  goes through n/2 twice p e r  r o t a t i o n .  A t  t h e s e  p o i n t s ,  t h e  
vacuum-Faraday s i g n a l  goes through a n u l l .  
P2 
W e  s h a l l  adopt t h e  same topocen t r i c  c o o r d i n a t e  s y s t e m  used i n  t h e  
p rev ious  s e c t i o n  and de f ine :  
-+ 
u n i t  v e c t o r  along the  l i n e  of s i g h t  from observer  t o  s a t e l l i t e  
u n i t  v e c t o r  a long the  s p i n  a x i s  of t h e  s a t e l l i t e  antenna 
a - u n i t  v e c t o r  a long the  d i r e c t i o n  of t h e  r e c e i v i n g  antenna 
a - u n i t  v e c t o r  a long the d i r e c t i o n  of t h e  t r a n s m i t t i n g  antenna 









P1; s i n c e  a i s  pe rpend icu la r  
AR 
t o  a w e  d e f i n e  OS’ 
-P + + 
a ~ i  a~~ a~~ 
+ 
ap2 u n i t  v e c t o r  perpendicular  t o  P 2 
a = a  x a  
P2 - AT OS 
(9) 
+ -+ 
and a are g iven  i n  Chapter  V.  
--f + -+ os ss 
The d i r e c t i o n a l  c o s i n e s  of a 
W e  must now determine the components of a and a so t h a t  apl AT AR 
-+ 
and a can be ob ta ined .  P2 
Assume t h a t ,  when t h e  r ece iv ing  antenna i s  set at  z e r o  e l e v a t i o n ,  t h e  
antenna w i r e  makes an angle  y with  t h e  v e r t i c a l .  When t h e  e l e v a t i o n  
- 25 - SEL-65-063 
i s  i n c r e a s e d ,  t h e  ang le  B w i t h  t h e  v e r t i c a l  changes accord ing  t o  
c o s  6 = c o s  y cos  E = a . (11) 
AR3 
+ 
Since  a i s  a lways  p e r p e n d i c u l a r  t o  t h e  l i n e  of s i g h t  ( i . e . ,  t o  AR -+ 
a ): os 
(aAR1 aOSl) + t m 2  'OS2) i- aOS3) = 
F i n a l l y ,  a i s  a u n i t  v e c t o r  and must t h e r e f o r e  s a t i s f y  
AR 
= l .  
2 + a  + a  
AR1 m2 AR3 
2 
a 
Simultaneous s o l u t i o n  of E q s .  (11)) ( 1 2 ) )  and ( 1 3 )  l e a d s  t o  
a = -cos cy. cos y s i n  E rtr s i n  a s i n  y 
m2 
2 cos  CY cos y s i n  E -T s i n  a c o s  a s i n  y - c o s  y s i n  E - 
s i n  a a 
m1 
I n  t h e  two l a t t e r  e q u a t i o n s  w e  a r b i t r a r i l y  choose  the  upper  s i g n ,  
t h u s  t a k i n g  t h e  upward d i r e c t i o n  of t h e  an tenna  wire as p o s i t i v e ,  
-b 
The components of a can now be  w r i t t e n  by i n t r o d u c i n g  t h e  v a l u e s  P1 
Of ami i n t o  Eq. ( 9 ) :  
a = a  a - a  a 
p1 1 m2 OS3 m3 OS2 
a = a  a - a  a 
p12 m3 O S 1  m1 OS3 
a = a  a - a  a p13 m1 OS2 ARB OS1 ' 
+ w e  t a k e  t h e  d i r e c t i o n  
AT ' For t h e  computation of t h e  components of a 
of t h e  t r ansmi t t i ng -an tenna  w i r e  t o  be p e r p e n d i c u l a r  t o  t h e  Spin a x i s .  
Thus ,  as the  antenna s p i n s  around w i t h  angu la r  v e l o c i t y  ul, i t s  
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d e c l i n a t i o n  and r i g h t  ascension vary c y c l i c a l l y :  s i n  6 = c o s  6 c o s  LU t ,  
and 
A S 1 
1 cos  L U , t  r L 
l’.1 2 2 a = a - arccos  (1-cos 6 c o s  w t )  S 1 A S  
The f i r s t  equa t ion  i s  obtained d i r e c t l y  from t h e  geometry involved 
whi le  t h e  second r e s u l t s  from c o n s t r a i n i n g  t h e  antenna t o  move perpen- 
d i c u l a r  t o  t h e  s p i n  axis. 
+ 
I t  i s  now p o s s i b l e  t o  f ind  t h e  d i r e c t i o n a l  c o s i n e s  of a i n  t h e  
AT 
adopted c o o r d i n a t e  s y s t e m :  
a = -cos 6A cos  a A sin(kn-LEQ) + cos  6 A s i n  a A cos (h -LEQ)  ( 1 6 4  
AT1 
= r c o s  6 cos  a s in lAl  cos(in-LEQ) 
A A a AT2 
j c o s  6 s i n  a s i n l h )  s in ( i in -Lm)  + s i n  6A c o s  A , A A 
where t h e  upper s ign  i s  f o r  t h e  Northern Hemisphere, and 
+ c o s  6 s i n  a cos  A s i n ( k n - m )  + s i n  s i n  A , (16c 1 A A 
By in t roduc ing  Eq. ( 1 6 )  i n t o  Eq. ( l o ) ,  w e  can  f i n d  t h e  components 
P2 
of a 
= a  a - a  a a AT3 OS2 
p21 AT2 OS3 
= a  a - a  a a AT3 OS1 AT1 OS3 
p22 
p23 
= a  a - a  a a AT1 
OS2 AT2 OS1 ’ 
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are f u n c t i o n s  Of CD t .  W e  want t o  f i n d  t h e  1 where t h e  d i f f e r e n t  aPZi 
v a l u e s  of  t h i s  l a t te r  q u a n t i t y  t h a t  s a t i s f y  t h e  c o n d i t i o n  f o r  perpen-  
d i cu 1 ar i t y b e t  w e  en P1 and P2: 
a a + a  a + a  a = o .  
P l l  P21 P12 P22 P13 P23 
To f i n d  these  v a l u e s  t h e  computer c a l c u l a t e s  aARi and %si f o r  
every minute of t h e  p a s s  and, i n t r o d u c i n g  t h e s e  parameters  i n  Eq. ( 1 8 ) ,  
s o l v e s  f o r  t h e  v a l u e  of t 
s a t i s f i e s  Eq.  (18). The t i m e  i n t e r v a l  between two s u c c e s s i v e  s o l u t i o n s  
i s  t h e  d u r a t i o n  of  10 semi- revolu t ions .  The "Vacuum Faraday P e r i o d ,  " 
d e f i n e d  as t h e  t i m e  i n t e r v a l  between t h e  occurrence  of two a l t e r n a t e  
n u l l s  (assuming no i o n i z a t i o n  change) ,  i s  t h e n  e a s i l y  found. T h i s  
Vacuum Faraday P e r i o d ,  used i n  computing t h e  Faraday-ro ta t ion  a n g l e  
as expla ined  i n  S e c t i o n  V I I 1 . C  c o n t a i n s  a l l  t h e  necessary  c o r r e c t i o n s  
f o r  apparent  sp in  r a t e  and rece iv ing-antenna  azimuth changes.  F i g u r e  19 
compares t r u e  sp in  p e r i o d ,  apparent  s p i n  p e r i o d  ( c a l c u l a t e d  and 
observed) ,  and t h e  Vacuum Faraday P e r i o d .  
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FIG. 19. APPARENT SPIN 
RATE OF SATELLITE 
ANTENNA AS SEEN FROM 
STANFORD, 
V I I .  EFFECTIVE ZENITHAL ANGLE I N  THE EXOSPHERE 
In  Chapter I11 t h e  columnar e l e c t r o n  con ten t  of t h e  exosphere up t o  
s a t e l l i t e  a l t i t u d e  w a s  def ined  as t h e  d i f f e r e n c e  between t h e  columnar 
c o n t e n t s  from Doppler and from Faraday measurements. S ince  w e  a r e  
d e a l i n g  wi th  slant c o n t e n t s ,  t h e  number obta ined  i n  such a f a s h i o n  i s  
a l s o  t h e  s l a n t  con ten t  of t h e  exosphere and should be converted t o  
v e r t i c a l  con ten t  f o r  proper  i n t e r p r e t a t i o n .  This  convers ion  r e q u i r e s  
knowledge of t h e  exosphere dens i ty  p r o f i l e ,  which i s  not  known; hence,  
on ly  a rough approximation can b e  found, by assuming a p l a u s i b l e  model. 
F igu re  20 shows t h e  p e r t i n e n t  geometry. 
FIG. 20. GEOMETRY NECESSARY FOR ESTIMATION OF 
EFFECTIVE EXOSPHERE ZENITHAL ANGLE, 
Is ls N d s  ( d e n s i t y  of column A t o  S )  
(same as d e n s i t y  of columns B t o  S 
i f  p e r f e c t  s t r a t i f i c a t i o n  e x i s t s ) .  
I =  /” N dh 
B 
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From the  geometry, 
s i n  x cos E - - -  - 
P P+h 
s i n  x = - cos E 
P+h 
2 2 1/2 [(p+h)' - p cos E ]  
cos x = 
P+h 
d h  
cos x d s = - .  
Then 
where r z p+h and a p cos E . 
W e  want sec x eff i Is/I, and t o  f i n d  i t  w e  must assume an exosphere  
p r o f i l e .  The model t h a t  b e s t  f i t s  t h e  meager d a t a  a v a i l a b l e  i s  based on  
a 1/r l a w .  3 
Let  N = N o ( r 0 / r ) '  for r > ro = p+H1. Then 
2 2 112 r 
r 
3 (r - a  ) 
0 
2 = N r  
d r  
r r ( r  -a ) 0 0  a r  2 2 21/2 
0 
and I = I (E = n / 2 ) .  S 
S i n c e  a -+ 0 when f -+ n/2 t h e  above e x p r e s s i o n  for Is becomes 
inde te rmina te  fo r  v e r t i c a l  i nc idence .  To l i f t  t h e  inde terminancy  we 
expand t h e  square r o o t :  
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1 6 a 1 6 r  4 a 2 a  2 r 2  8r + -  + ... 0 4 6 2 r  1 6 r  a a 2 
3 
I = -  - -  + -  4 ... - 1 + - 
0 0 
- - - - -  
2 
and, when E = n/2, 
3 
0 0  
N r  
Hence 
T h i s  equa t ion  a l lows  u s  t o  conve r t  from t h e  measured s lan t -co lumnar  
con ten t  of t h e  exosphere i n t o  a f i r s t  approximation of what may be  called 
t h e  ve r t i ca l - co lumnar  conten t  of t h a t  reg ion .  
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V I I I .  FIRST-ORDER ANALYSIS 
A. DIFFERENTIAL-DOPPLER-FREQUENCY METHOD 
The methods f o r  c a l c u l a t i n g  t h e  columnar e l e c t r o n  c o n t e n t  of t h e  
ionosphere  by t h e  d i f f e r e n t i a l - D o p p l e r - f r e q u e n c y  t echn ique  have been 
f u l l y  descr ibed  by many a u t h o r s ,  a s ,  f o r  i n s t a n c e ,  Ross [1960] and 
d e  Mendonca [1962]. 
p l e t e n e s s .  
$ 
A r e c a p i t u l a t i o n  i s  p resen ted  h e r e  f o r  s ake  of com- 
L e t  
I f  t h e  r a d i a t e d  f requency  cu i s  c o n s t a n t ,  and a p a t h  of l e n g t h  R ,  
be t h e  phase of a s i g n a l  r a d i a t e d  from a t r ansmi t t e r .  
i n  vacuum, s e p a r a t e s  t ransmit ter  from r e c e i v e r ,  then  t h e  phase  a t  t h e  
l a t t e r  w i l l  be #r = ut-(27IR/h) where h i s  t h e  wavelength.  
However, i f  t h e r e  i s  i n t e r v e n i n g  i o n i z a t i o n ,  h w i l l  va ry  a long  
t h e  p a t h  and 
#r = cut  - 2JR $) = cut  - 2% /" t d s  
0 0 
The angu la r  f requency  a t  t h e  r e c e i v e r  is:  
are t r a n s m i t t e d ,  1' I f  two coherent  f r e q u e n c i e s ,  CL) and cu2 = n u  1 
R 
w1 d 
c d t  - - - pl(s) d s  
0 
cu = cul 
1 r 
and 
n u  
w = n u - - -  ' J R  p,(s) d s  . 
0 1 c d t  2 
r 
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When t h e  h i g h e r  rece ived  frequency i s  d i v i d e d  by n and t h e  r e s u l t  
i s  s u b t r a c t e d  from t h e  lower received frequency,  a s lowly vary ing  b e a t -  
n o t e  %, c a l l e d  t h e  d i f f e r e n t i a l - D o p p l e r  angular  f requency,  i s  obta ined .  
03 r 03 
w - w  - - - - -  2 
D r n c d t  /" p2(s)  d s  - /" p l ( s )  d s  . 
0 0 1 
S i n c e  t h e  r e f r a c t i v e  index i s  frequency-dependent,  P1 # Pz' Also,  
no twi ths tanding  t h e  f a c t  that  t h e  i n t e g r a t i o n  p a t h s  have common te rmina l  
p o i n t s  ( t h e  t r a n s m i t t e r  and r e c e i v e r ) ,  they  do d i f f e r  by v i r t u e  of t h e  
d i s s i m i l a r  r e f r a c t i o n  of t h e  t w o  s i g n a l s  (F ig .  21).  
TRANZMITTER 
PATH OF LOWER, 
FREQUENCY WAVE 
- PATH OF HIGHER 
FREQUENCY WAVE Y 
RECEIVER 
FIG. 21. REFRACTION EFFECT ON THE PATHS OF 
WAVES OF DIFFERENT FREQUENCIES THROUGH 
AN IONIZED LAYER. 
Approximation I .  Assume similar p a t h s .  
Under the s i m p l i f y i n g  Approximation I ,  Eq. ( 2 0 )  reduces  t o  
Approximation 11. Assume t h e r e  i s  no s t e a d y  magnetic f i e l d .  
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Approximation 111. Assume no c o l l i s i o n s .  
With Approximations I1 and 111, t h e  r e f r a c t i v e  index  can  be expressed  
as 
where N ( s )  i s  t h e  e l e c t r o n  d e n s i t y  and f = cu/2n, and 
3 2 2 e 
2 
4n mco 
= 80.62 m /sec , K =  
D 
Approximation I V .  Assume t h e  rece ived  f r e q u e n c i e s  are much l a r g e r  than  
t h e  plasma frequency--m2 >> cu 2 
P' 
W e  can then w r i t e  
Equation (21 )  reduces t o  
R 
f D = k(G)& 2cf n J 0 N ( s )  d s  
= & E  J" N ( s )  d s  , 
0 
-15 f o r  f = 40 Mc and f = 360 Mc. 1 2 where Q = 3.31 x 10 
From Eq. ( 2 3 ) ,  
R 
L J t f  d t i - I  = J  N ( s )  d s  = ISD . 
SDO 0 
D & o  
( 2 3 )  
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The s lan t -co lumnar  e l e c t r o n  c o n t e n t  ISD from ground t o  sa te l l i t e  
i s  g iven ,  f o r  any moment, by Eq. ( 2 4 ) ,  provided w e  know t h e  t o t a l  c o n t e n t  
I s D ~ ,  a t  t i m e  t = 0, which must be found by independent means. I n  
t h e  EGO experiment i t  i s  der ived  from group-delay measurements. 
J: f d t  i s  simply t h e  d i f f e r e n t i a l - D o p p l e r  cycle  count .  To o b t a i n  
t h i s  from t h e  EGO r e c o r d s ,  the  e f f e c t  of s a t e l l i t e  s p i n  must be  t aken  
i n t o  account. A s  w e  showed i n  Chapter  I V  t h e  sp inn ing  of t h e  s a t e l l i t e  
i n t r o d u c e s  an a d d i t i o n a l  d i f f e r e n t i a l - D o p p l e r  f requency  so t h a t  
D 
10 
f = f - - f  
D d 9 r ’  
where f d  i s  t h e  recorded frequency and f i s  t h e  s p i n  f requency .  r 
B. GROUP-DELAY METHOD 
T h i s  method of measuring t h e  columnar i o n i z a t i o n  c o n t e n t  between 
ground and s a t e l l i t e  i s  used t o  p rov ide  an a b s o l u t e  r e f e r e n c e  v a l u e  f o r  
t h e  i n t e g r a t i o n  of t h e  d i f f e ren t i a l -Dopp le r - f r equency  d a t a .  The r e s u l t s  
of t h e  group-delay method i t s e l f  cannot conven ien t ly  be used i n  t h e  
f i n a l  a n a l y s i s  ( t h e r e b y  d i spens ing  wi th  Doppler) because of t h e  l a r g e r  
spread  of t h e  d a t a  p o i n t s  and by v i r t u e  of t h e  f a c t  t h a t  much b e t t e r  
s i g n a l - t o - n o i s e  r a t i o s  are r equ i r ed )  r ende r ing  i t  imposs ib l e  t o  o b t a i n  
t h i s  kind of i n fo rma t ion  except when t h e  s a t e l l i t e  i s  at r e l a t i v e l y  
s h o r t  range. 
The method c o n s i s t s  of comparing t h e  phase of a r r i v a l  of t h e  modu- 
l a t i o n  envelopes of t h e  40- and 360-Mc s i g n a l s .  Th i s  phase depends on 
t h e  r e l a t i v e  group v e l o c i t y  of t h e  two f r e q u e n c i e s  and, t h e r e f o r e )  on 
t h e  i o n i z a t i o n  t r a v e r s e d .  
Equation (22 )  gave u s  a s i m p l i f i e d  expres s ion  f o r  t h e  r e f r a c t i v e  
index  and s i n c e ,  under t h e  assumption of no c o l l i s o n ,  t h e  group v e l o c i t y  
i s  V = cp ,  t h i s  v e l o c i t y  can  be expressed as 
g 
C 
K N  
V g =c ( l  - 5)- 1 + (KD/2f 2 .  )N  
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L e t  t be  t h e  t ime f o r  a s i g n a l  t o  t r a v e l  between s a t e l l i t e  and observer :  
KD I R - -  - + -  
2 s ’  2c f C 
A t  a f requency  n t i m e s  h ighe r ,  t h e  t i m e  w i l l  be 
Rn KD 
+ 2 2 Isn t = -  n c  2cn f 
I n  g e n e r a l ,  as a r e s u l t  of t h e  d i f f e r e n t  p a t h s  taken  by t h e  s i g n a l s  
a t  d i f f e r e n t  f r equenc ie s ,  Rn # R and Is, f Is. 
Approximation I ,  Assume similar pa ths .  
Then 
n t = t - t  = -  KD I (1 - >) 2 s  2c f n 
2 
2cf n 
K~ n -1 
- 2 2 I s ’  
--- ( 2 5 )  
I f  bo th  carriers are modulated ( i n  t h e  same phase)  by a frequency 
t h e  r e t a r d a t i o n  A t  w i l l  r e v e a l  i t s e l f  as a phase d i f f e r e n c e  @$ f M J  
between t h e  two demodulated t o n e s ,  
@$ = 2n f M  A t  . 
Combining Eqs. ( 2 5 )  and (26 )  and s o l v i n g  f o r  I g i v e s  
S 
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For t h e  va lues  used i n  EGO, 
f = 40.01 MC 
fM = 0.2 MC 
n = 9, 
and, express ing  A# i n  degrees ,  
14 2 
I = 1.673 x 10 x e lec t rons /m . 
S 
C . FARADAY - ROTAT I ON -ANGLE METHOD 
This  method of measuring the  t o t a l  e l e c t r o n  con ten t  of t h e  ionosphere  
has  rece ived  w i d e  a t t e n t i o n  mainly because of t h e  s i m p l i c i t y  of t h e  
equipment necessary .  This  equipment may be a common communications 
r e c e i v e r ,  i n  c o n t r a s t  with the d i f f e ren t i a l -Dopp le r - f r equency  method 
t h a t  r e q u i r e s ,  g e n e r a l l y ,  t h e  u s e  of phase- lock r e c e i v e r s .  
A good d e s c r i p t i o n  of the  theo ry  behind t h e  measurements can be found 
i n  an a r t i c l e  by G a r r i o t t  [1960]. 
The a n i s o t r o p i c  n a t u r e  of t h e  ionosphere ,  due t o  t h e  presence  of a 
s t eady  geomagnetic f i e l d ,  r e s u l t s  i n  t h e  s p l i t t i n g  of t h e  high-frequency 
e lec t romagnet ic  wave i n t o  two components; a s soc ia t ed  t o  each one i s  a 
d i f f e r e n t  r e f r a c t i v e  index. 
Approximation 111. Assume no c o l l i s i o n s .  
The Appleton-Hartree equat ion f o r  t h e  r e f r a c t i v e  index reduces t o  
1 /2  -1 I *  
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p = 1 -  
1 +  IY 1 L 
2 2 
P 
Approximation I V .  Assume w >> o_) . :. x << 1 
Approximation V I .  Assume w >> w . :. YL << 1. 
g 
Applying these  approximations,  Eq. (27 )  can  be w r i t t e n  
X 
2 p = 1 - - (1 i l Y L l )  , 
which g i v e s  a s i m p l i f i e d  expres s ion  f o r  t h e  indexes  of r e f r a c t i o n  c o r -  
responding  t o  t h e  two magnetoionic modes, each of which i s  c i r c u l a r l y  
p o l a r i z e d ,  one  right-handed and one l e f t -handed .  The d i f f e r e n c e  between 
t h e  two v a l u e s  of p causes  t h e  phase-pa th  l e n g t h  of t h e  two modes t o  
be unequal ,  so t h a t  t h e  r e s u l t i n g  wave i s  l i n e a r l y  p o l a r i z e d ,  w i t h  a 
p o l a r i z a t i o n  plane t h a t  slowly r o t a t e s  as t h e  s i g n a l  p ropaga te s  through 
t h e  medium. 
The phase-path l e n g t h s  are 
P = J ”  t^U ds 
0 U 
and 
If w e  make Approximation I assuming i d e n t i c a l  p a t h s ,  t hen  t h e  phase- 
Fa th  d i f f e r e n c e  i s  
0 
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which cor responds  t o  a r o t a t i o n  ang le  
Q = f l - - -  np nf s" XYL d s  . 
0 A - c  
Approximation V I I .  Represent t he  e f f e c t  of t h e  YL f a c t o r  i n s i d e  t h e  
i n t e g r a l  by an average 
- 
yL : 





Po"-- H c o s  0 
2 2 f 2  IS R =  




= 2 G I S  , 
3 
Po" - 
= 0.02976 (mks) 2 2 
0 
KF 
8n C E  m 
G i s  eva lua ted  at  t h e  "ionosphere p o i n t , "  de f ined  as t h e  i n t e r s e c t i o n  
of t h e  l i n e  of s i g h t  from observer t o  s a t e l l i t e  wi th  a s p h e r i c a l  s h e l l  
at an a l t i t u d e  conven ien t ly  chosen. The v a l u e  of H i s  ob ta ined  from 
an expansion of t h e  geomagnetic f i e l d  i n  s i x  s p h e r i c a l  harmonics as 
desc r ibed  by Eckhouse [1964]. 
The t o t a l  r o t a t i o n  angle i s  u s u a l l y  of t h e  o r d e r  of  many t e n s  of 
r a d i a n s  , whi le  exper imenta l ly  t h e  measurements y i e l d  va lues  between 0 
and n l e a v i n g  an nn ambiguity. I t  i s  t h e r e f o r e  necessa ry  t o  de te rmine ,  
by independent means, t h e  value of Is at  one g iven  t i m e  of a run. The 
v a l u e  of 
d a t a .  
at any o t h e r  t i m e  can then  be computed from t h e  exper imenta l  IS 
- 39 - SEL-65-063 
For t h e  EGO experiment,  d i f f e r e n t i a l - F a r a d a y - r o t a t i o n - a n g l e  
0' 
measurements a re  used t o  e s t a b l i s h  t h i s  r e f e r e n c e  so t h a t ,  a t  t = t 
and a t  any o the r  t i m e  
KF 
O f 2  
fi(t ) = - G ( t O )  I s ( to)  
where E Q(t)-fi( to) i s  ob ta ined  from t h e  experiment as desc r ibed  
below. 
The Faraday minima a r e  numbered consecu t ive ly  and a t a b u l a t i o n  i s  
made of t h e  time of  occur rence  of every t e n t h  minimum ( t o  t h e  n e a r e s t  
0.1 sec).  They r e p e a t  approximately every h a l f  s a t e l l i t e - s p i n  pe r iod .  
Assume t h a t  t h e  r e f e r e n c e  v a l u e  f o r  t h e  t o t a l  s l a n t  e l e c t r o n  c o n t e n t  
w a s  ob ta ined  a t  t h e  occas ion  of t h e  n minimum ( a t  t i m e  tnr) .  If R r 
d i d  no t  change, then  t h e  nex t  minimum would occur  a t  
P 
+ 2 ( tnr )  t = t  n r 
However, i f  AR # 0,  then  t # tn and 
r+l 
t - t  
I t  should be po in ted  o u t  h e r e  t h a t ,  as d i s c u s s e d  i n  Chapter  V on 
s p i n - p e r i o d  error, P,  t h e  vacuum Faraday p e r i o d ,  i s  n o t  c o n s t a n t ,  bu t  
r a t h e r  a func t ion  of time. 
I f  t h e  nex t  t abu la t ed  minimum a f t e r  n i s  n (do  n o t  confuse  
r r+l 
n +1 wi th  n ),  then  r r+l 
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and, i n  g e n e r a l ,  
A s i m i l a r  exp res s ion  can be developed f o r  t h e  minima t h a t  precede  n . r 
D. DIFFERENTIAL-FARADAY-ROTATION-ANGLE METHOD 
It  w a s  po in t ed  ou t  i n  t h e  p rev ious  c h a p t e r  t h a t  i t  i s  necessa ry ,  i n  
o r d e r  t o  u s e  t h e  Fa raday- ro ta t ion -ang le  d a t a ,  t o  o b t a i n  one r e f e r e n c e  
v a l u e  f o r  t h e  t o t a l  s l a n t  con ten t  from an independent measurement. The 
d i f f e r e n t i a l  Faraday technique w a s  adopted t o  t h i s  end f o r  t h e  EGO 
experiment.  
The beacon t r a n s m i t t e r s  aboard t h e  s a t e l l i t e  a r e  phase modulated 
by a 200-kc tone  i n  such a way t h a t  t h e  s idebands  and carr ier  have 
approximately t h e  same power, I n  e f f e c t ,  i f  f o  i s  t h e  c a r r i e r  f r e -  
quency, w e  have t h r e e  s i g n a l s  of  f r e q u e n c i e s  ( i n  megacycles) 
f = f - 0 . 2  0 - 
*O 
f = f + 0 . 2  . + 0 
The Faraday r o t a t i o n  observed on t h e  ground w i l l  d i f f e r  s l i g h t l y  
f o r  each s i g n a l .  L e t  u s  take  t h e  f - and f +  p a i r ,  The d i f f e r e n c e  
i n  Faraday r o t a t i o n  w i l l  be 
AR = I$ G I S  (> - 7). 1 
+ - 
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For a l l  r e a l i s t i c  c o n d i t i o n s  AQ w i l l  be  smaller t h a n  'I[ r a d i a n s  
and t h e r e  i s  no ambiguity i n  the measurement. The angle  AQ i s  scaled 
d i r e c t l y  from t h e  Faraday f a d i n g  r e c o r d ,  b u t  a r a t h e r  wide scatter i s  
observed,  r e q u i r i n g  the averaging of many measurements t o  o b t a i n  a r e l i -  
a b l e  v a l u e  of IS 
SEL-65-063 
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I X .  ERRORS 
Because t h e  f i n a l  r e s u l t  
experiment i s  t h e  d i f f e r e n c e  
methods, and s i n c e  t h i s  i s  a 
of t h e  d a t a - r e d u c t i o n  p rocess  i n  t h e  EGO 
between t h e  columnar c o n t e n t s  de r ived  by two 
small d i f f e r e n c e  between l a r g e  numbers, i t  
i s  impor tan t  t o  examine t h e  e f f e c t  of a l l  approximations made i n  t h e  
f i r s t - o r d e r  a n a l y s i s ,  descr ibed  i n  t h e  preceding  c h a p t e r s ,  and t o  
i n t r o d u c e  c o r r e c t i o n s  whenever t h e  e r r o r  i s  of a magnitude comparable 
wi th  t h e  d e s i r e d  o u t p u t .  I n  a d d i t i o n ,  o t h e r  sou rces  of e r r o r  must be  
sought o u t  and, i f  necessa ry ,  c o r r e c t e d .  
The main u n c e r t a i n t i e s  i n  t h e  r e s u l t s  s t e m  from t h e  fo l lowing  o r i g i n s .  
1. E r r o r s  due t o  t h e  u n c e r t a i n t y  i n  t h e  s p i n  ra te  
2. E r r o r s  due t o  t h e  u n c e r t a i n t y  i n  t h e  s a t e l l i t e  p o s i t i o n  
3. E r r o r s  due t o  t h e  inaccuracy  i n  a b s o l u t e  r e f e r e n c e  v a l u e  of 
columnar e l e c t r o n  conten t  
4. E r r o r s  due t o  t h e  u n c e r t a i n t i e s  i n  d a t a  s c a l i n g .  
I n  t h e  next  two s e c t i o n s ,  w e  ana lyze  t h e  e f f e c t  of choos ing  a wrong 
v a l u e  f o r  t h e  s p i n  r a t e  of t he  s a t e l l i t e  i n  t h e  r e d u c t i o n  of bo th  
d i f f e r e n t  i a1 -Doppler - f requenc y and Fa r  ad ay  - r o t  at i o n  - ang le  d a t  a. 
I t  i s  shown t h a t ,  whereas t h e  Doppler method i s  r e l a t i v e l y  i n s e n s i -  
t i v e  t o  small s p i n - r a t e  e r r o r s ,  t h e  Faraday r e s u l t s  depend c r i t i c a l l y  
on t h e s e  va lues .  P r e c i s i o n  of t h e  o r d e r  of +1 m s e c  i n  t h e  roughly 
12-sec  s p i n  per iod  i s  d e s i r a b l e .  T h i s  accuracy can be ob ta ined  from 
s o l a r - s e n s o r  d a t a ,  and t h e  Goddard Space F l i g h t  Center  (GSFC) h a s  pro-  
vided t h e  necessa ry  informat ion  f o r  some of t h e  runs .  I t  i s  a l s o ,  i n  
some occas ions ,  p o s s i b l e  t o  d e r i v e  t h e  s p i n  pe r iod  t o  n e a r l y  t h e  above 
t o l e r a n c e  from t h e  observa t ion  of t h e  amplitude f a d e s  of t h e  360-Mc s i g n a l  
r ece ived  wi th  a c i r c u l a r  antenna. 
A .  SPIN-RATE ERROR I N  DIFFERENTIAL-DOPPLER-FREQUENCY METHOD 
I n  S e c t i o n  V I I . A ,  t h e  slant-columnar c o n t e n t  from d i f f e r e n t i a l -  
Doppler-frequency d a t a  i s  given by 
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where 
and 360-Mc rece iv ing  antenna, and f i s  t h e  s p i n  f requency  of t h e  
probe 
a = (9+-1)/9 depending on t h e  r e l a t i v e  p o l a r i z a t i o n  of t h e  40- 
r 
I f  w e  assume t h a t  bo th  f d  and f are c o n s t a n t ,  r 
1 
ISD = I SDO Q d + -(f - a f r ) t  
and 
SD T h i s  s t a t emen t  means t h a t  an e r r o r  of Af w i l l  r e s u l t  i n  an e r r o r  
t h a t  i s  p ropor t iona l  t o  t h e  t i m e :  
a - -  - & €  t .  
%D - Q r  
For example, l e t  t h e  t r u e  s p i n  per iod  be 12.025 sec and assume t h a t  
a +5-msec e r r o r  w a s  made i n  t h e  e s t i m a t i o n  of t h i s  pe r iod .  The t r u e  
s p i n  f requency  would be  0.0831 cps  and t h e  e r r o r  would be Llf = 
-3.455 X 10 cps. With a = 10/9 t h e  e r r o r  after one hour would be 
about 
15,000 km ( s a y ,  from 10,000 t o  25,000 km) t h i s  change would r e s u l t  i n  an 
e r r o r  of 2 . 7  electrons/m3 i n  t h e  e s t i m a t i o n  of t h e  average  exosphere 




4 X 1013 e lec t rons /m . I f  i n  t h i s  hour t h e  s a t e l l i t e  r o s e  
A s  shown below, t h i s  e r r o r  i s  n e g l i g i b l e  compared wi th  t h e  one 
in t roduced  by a similar sp in -pe r iod  u n c e r t a i n t y  i n  t h e  Faraday measure- 
ment. 
B. SPIN-PERIOD ERROR I N  FARADAY-ROTATION-ANGLE METHOD 
A s  shown i n  Sec t ion  V I I I . C ,  t h e  change i n  Faraday r o t a t i o n  from a 
g iven  a r b i t r a r y  r e fe rence  v a l u e  fi0 i s  
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To estimate t h e  e r r o r  introduced by an i n c o r r e c t  v a l u e  of P, l e t  
u s  assume t h a t  bo th  t h e  i n c o r r e c t  and c o r r e c t  v a l u e s  are time-independent.  
T h i s  assumption s i m p l i f i e s  t h e  above equa t ion  t o  
- R = n[n 'r+n o r+n  
2 - n r + -(t P r -t r+n  ) I  
and 
Thus, i f  P = 12 sec and dP = A.P = 0.005 sec, 
-4  - fi ) = 2.2 x 10 A t  . 
A(Rr+n o 
A f t e r  one hour t h e  e r r o r  i n  t h e  Faraday ang le  w i l l  be 0.8 r a d i a n  or 
some 45 deg. A t y p i c a l  va lue  f o r  G a t  S tan fo rd  i s  25 amp/m. Con- 
sequen t ly ,  t h e  0 .8 - r ad ian  e r r o r  w i l l  l e a d  t o  an ove r -  (or under - )  es t i -  
mation of t h e  t o t a l  c o n t e n t  by about 0.17 x 1 0 l 6  e lec t rons /m , 
discrepancy  some 40 t i m e s  l a r g e r  than  t h a t  found f o r  t h e  Doppler method. 
Again, assuming t h a t  d u r i n g  t h e  above hour t h e  s a t e l l i t e  r o s e  15,000 km, 
t h e  e r r o r  i n  t h e  de te rmina t ion  of t h e  average exosphere d e n s i t y  would be 
2 a 
.5 110 e lec t rons /m , which i s  comparable t o  t h e  expected l o c a l  d e n s i t y .  
For t h e  above r eason ,  t h e  +l-msec t o l e r a n c e  w a s  se t  as a goa l  f o r  t h e  
d a t a  i n t e r p r e t a t i o n .  T h i s  t o l e r a n c e  would t h e n  l e a v e ,  under t h e  con- 
" 
.5 d i t i o n s  d e s c r i b e d ,  an u n c e r t a i n t y  of 22 e l ec t rons /m i n  t h i s  example. 
C. ERRORS DUE TO UNCERTAINTY I N  SATELLITE POSITION 
S ince  t h e  apparent  s p i n  r a t e  nea r  p e r i g e e  i s  dependent on t h e  p o s i t i o n  
of t h e  s a t e l l i t e ,  and i n  view of t h e  f a c t  t h a t  t h i s  s p i n  r a t e  i n f l u e n c e s  
t h e  f i n a l  r e s u l t ,  i t  i s  c l e a r  t h a t  u n c e r t a i n t i e s  i n  t h e  s a t e l l i t e ' s  
l o c a t i o n  may i n t r o d u c e  important e r r o r s  i n  t h e  reduced in fo rma t ion ,  
e s p e c i a l l y  nea r  t h e  beginning of each run. I n  o r d e r  t o  c a l c u l a t e  t h e  
f a c t o r  G i n  t h e  Fa raday- ro ta t ion -ang le  method, and t h e  r e f r a c t i o n  and 
z e n i t h a l  ang le  c o r r e c t i o n s ,  i t  i s  a l s o  necessa ry  t o  know t h e  s a t e l l i t e ' s  
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p o s i t i o n .  P r e d i c t i o n s  of s a t e l l i t e  l a t i t u d e ,  l o n g i t u d e ,  and h e i g h t ,  
whether obtained from GSFC or l o c a l l y  gene ra t ed ,  are f r e q u e n t l y  n o t  
a c c u r a t e  enough because of t h e  s t r o n g  p e r t u r b a t i o n s  i n  t h e  h i g h l y  
eccentric EGO o r b i t .  The shape and p o s i t i o n  of t h e  o r b i t  are g e n e r a l l y  
known w i t h i n  an adequate t o l e r a n c e ,  bu t  t h e  t iming  may be o f f  by s e v e r a l  
minutes on occas ions .  For t h i s  r eason  i t  proves  e s s e n t i a l  t o  u s e  
a p o s t e r i o r i  p o s i t i o n s ,  hope fu l ly  c o r r e c t  w i t h i n  1 min of t i m e .  
D. ERROR DUE TO INACCURACY I N  REFERENCE VALUE OF COLUMNAR ELECTRON 
CONTENT I N  FAWAY-ROTATION-ANGLE METHOD 
The t o t a l  s l a n t  e l e c t r o n  c o n t e n t  de r ived  from F a r a d a y - r o t a t i o n -  
ang le  d a t a  i s  
SO 
where both  g ( t )  and G ( t )  are f u n c t i o n s  of t i m e  bu t  no t  of I 
i s  used ,  no t  on ly  i s  t h e  v a l u e  of 
SO 
When an i n c o r r e c t  v a l u e  of I 
Is 
s h i f t e d  cor respondingly  b u t ,  i n  a d d i t i o n ,  a s p u r i o u s  s l o p e  i n  t h e  
I - v s - t  cu rve  is  in t roduced  as a r e s u l t  of t h e  l a r g e r  or smaller weight 
S 
g iven  t h e  f i r s t  t e r m  on t h e  r igh t -hand  s i d e  of Eq. ( 2 9 ) .  
an e r r o r  i n  t h e  e s t i m a t i o n  of t h e  average  exosphere d e n s i t y .  The magni- 
t u d e  of t h i s  spur ious  s l o p e  i s  a s ses sed  below. 
T h i s  l e a d s  t o  
A t  
s 2  
L e t  t h e  c o r r e c t  va lue  of Is be  I and t h e  f a u l t y  one I 
S1 
t i m e  t = t the  e r r o r  w i l l  be (Isl-Is2)to and, a t  t = t l ,  ( I s ~ - I ~ ~ ) ~ ~ .  0 
Refe r r ing  t o  F ig .  21 w e  see t h a t ,  i n  t h e  t i m e  i n t e r v a l  between 
and t2, 
from t h a t  of t h e  c o r r e c t  one by 
t h e  o r d i n a t e  of t h e  curve  wi th  t h e  f a u l t y  r e f e r e n c e  d e p a r t s  
a1 I ( s1 - IS2)tl  = (Is1 - I S 2 b 2  
GO GO GO GO 
s02 
= G ( t l ) I  - q I - G ( t Z ) I  sol + T q  I 
= Go (Iso - Iso 2 ) [* - &] '
1 
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As an example, c o n s i d e r  t h e  fo l lowing  v a l u e s  o b t a i n e d  d u r i n g  t h e  
2 November 1964 p a s s  of EGO, a t  S tanford .  
I -  
Reference v a l u e  (assumed c o r r e c t  ) I = 16.8 
a t  1 9 : 3 1 Z ,  Go = 25.33  amp/m. 
2 x electrons/m 
Assume a 10-percent error i n  t h e  above r e f e r e n c e  v a l u e ,  so t h a t  
2 
I S  = 15.1 X 10l6 electrons/m 
O2 
and 
2 AI = 0.31 x electrons/m . 
These v a l u e s  would correspond, under  t h e  c o n d i t i o n s  of t h e  example 
used i n  t h e  preceding  sections, t o  an e r roneous  estimate of  t h e  average  
exosphere e l e c t r o n  d e n s i t y  equal t o  207 electrons/m . This  would cer- 
t a i n l y  obscure  t h e  t r u e  va lue  t o  be measured. One must conclude t h a t ,  
i n  t h i s  p a r t i c u l a r  case, i n  o r d e r  t o  reduce  t h e  u n c e r t a i n t y  caused by t h e  
3 
d 
u s e  of i n c o r r e c t  r e f e r e n c e  value t o  some 20 electrons/m , t h e  r e f e r e n c e  
should have a t o l e r a n c e  of about 1 p e r c e n t .  However, t h i s  is an u n a t t a i n -  
able accuracy  i n  L I I L ~  A L L  ,f -.casurement. 
I t  is t h e r e f o r e  clear t h a t  one can hope o n l y  t o  o b t a i n  a good estimate 
of  local e l e c t r o n  d e n s i t i e s  i n  t h e  neighborhood of r e g i o n s  where t h e  tan-  
g e n t i a l  motion of t h e  s a t e l l i t e ,  a s  seen  from t h e  ground, i s  very  s m a l l ,  
r e s u l t i n g  i n  o n l y  minor changes i n  G. The above d i s c u s s i o n  i n d i c a t e s  
t h a t  t h e  g r e a t e s t  e f fo r t  should be  made i n  t h e  d i r e c t i o n  of o b t a i n i n g  t h e  
b e s t  p o s s i b l e  v a l u e  from t h e  d i f f e r e n t i a l - F a r a d a y - r o t a t i o n - a n g l e  method. 
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X. SECOND-ORDER ANALYSIS 
The approximations i n  t h e  f i r s t - o r d e r  a n a l y s i s  were: 
I S i m i l a r  raypaths  a r e  assumed f o r  bo th  h igher -  and lower-frequency 
waves i n  t h e  d i f fe ren t ia l -Doppler - f requency  and group-delay mea- 
s u r  emen t s . 
I1 I n  t h e  d i f fe ren t ia l -Doppler - f requency  and group-delay measurements, 
i t  is assumed t h a t  t h e r e  is no geomagnetic f i e l d .  
I11 I n  a l l  measurements i t  is assumed t h a t  t h e r e  a re  no c o l l i s i o n s .  
I V  I t  is assumed t h a t  a l l  o p e r a t i n g  f r e q u e n c i e s  are  much h i g h e r  than  
t h e  plasma frequency.  
V Q u a s i - l o n g i t u d i n a l  propagat ion c o n d i t i o n s  are assumed. 
V I  I t  is assumed t h a t  t h e  f r e q u e n c i e s  a t  which Faraday r o t a t i o n  i s  
be ing  observed are much h igher  than  t h e  maximum e l e c t r o n  gyro- 
frequency . 
The e f f e c t  of t h e  gyro-frequency is  r e p r e s e n t e d  by an average  v a l u e  
c a l c u l a t e d  a t  t h e  h e i g h t  of t h e  ionosphere p o i n t .  
V I 1  
Approximation I11 is good under a l l  c o n d i t i o n s ,  w h i l e  V is good 
under a l l  condi t ions  f o r  t h e  s t a t i o n s  involved i n  t h i s  p r o j e c t  s i n c e  t h e  
s a t e l l i t e ,  a s  a r e s u l t  of i t s  low i n c l i n a t i o n ,  is never  s e e n  toward 
t h e  n o r t h .  
The r e f r a c t i o n  and p a t h - s p l i t t i n g  e f fec ts  i m p l i c i t l y  ignored through 
Approximation I and t h e  l i n e a r i z a t i o n  of t h e  r e f r a c t i v e  index as a func- 
t i o n  of electron d e n s i t y  and magnetic f i e l d ,  made by Approximations Iv 
V I  r e s p e c t i v e l y ,  w i l l  be a l l  taken i n t o  account  by means of e q u a t i o n s  
d e r i v e d  by Ross [1965],  as w i l l  be t h e  effect  of t h e  geomagnetic f i e l d  on 
t h e  d i f f e r e n t  ial-Doppler measurements (Approximat ion  I1 ). 
and 
A.  DIFFERENTIAL-DOPPLER-FREQUENCY METHOD 
For t h e  case of a r a d i o  s o u r c e  w e l l  above t h e  bulk  of  t h e  i o n i z a t i o n ,  
Ross [I9651 has  shown t h a t  t h e  phase-path d e f e c t ,  c o r r e c t e d  f o r  second- 
o r d e r  e f f e c t s ,  i s  given by 
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c 
- 
where X E ($: Xdh)/h i s  t h e  he ight  average  of X 
- 
B x2fi2 is a factor r e l a t e d  t o  t h e  nonuniformity 
of t h e  i o n i z a t i o n  d i s t r i b u t i o n  w i t h  
h e i g h t .  
For  a uniform s lab of i o n i z a t i o n  of wid th  d ,  
l a y e r  of scale h e i g h t  H ,  p = 0.16h/H; 
p = h/d and f o r  a Chapman 
KD I 
f 2 I '  
- 
hX sec x = -
f 2  
AKD - px = -
which is seen to  be height-independent . 
1 A = -  
d 
For s l a b ,  
0.16 A = -  
H '  For Chapman, 
Thus 
K 
+ - -  2 
2 f  
The YL term provides  the  geomagnetic c o r r e c t i o n ,  w h i l e  t h e  last  
term i n s i d e  t h e  b r a c k e t s  o r i g i n a t e s  i n  p a r t  from r e f r a c t i o n  e f f e c t s  and 
i n  p a r t  from t h e  n o n l i n e a r i t y  of t h e  r e f r a c t i v e  index w i t h  e l e c t r o n  den- 
s i t y .  
( I ~  sec x )  . (33) 1 f .  KD I i - ( I Y ) + - - -  d A K D d  2 - - A p = 2 c f  [$ S d t  S L 4 f 2  d t  C 
- 49 - SEL-65-063 
A t  a f requency  n t i m e s  h i g h e r ,  . 
1 d  
f = -  Kg I i - - ( I  Y ) + - - -  
D2 2cfn [& S n d t  S L 
but t h e  two l as t  terms a re  second-order c o r r e c t i o n s ;  i f  n i s  s u f f i -  
c i e n t l y  h igh  they  become n e g l i g i b l e :  
KD d I - - -  
f D  - 2 c f n  d t  S 
2 
(34 1 
1 d A K D d  ( I ~  2 sec X) K - 1  i -(I Y ) + - --  S d t  S L 4 f 2  d t  - 1 f D  - *D 




A KD 2 I Y  + - -  I sec x 
2 cf S L 8c f 3  S 
t 
= Q I S ,  (35 1 
f 
where Is 
a n a l y s i s .  
is the  v a l u e  of t o t a l  con ten t  ob ta ined  from t h e  f i r s t - o r d e r  
Equation ( 3 4 )  is  q u a d r a t i c  i n  Is and can be so lved  d i r e c t l y ,  
y i e l d i n g  
1 2 2  2 2 '  2 
( [ n  / ( n  - l ] Y L - l )  + ( ( l i [ n  YJ(n2-1)]) + IS(AKD/f ) sec x ) ~  
- (36) 2 
(AKD/2f ) sec x Is - 
, Y '  
c' 
where t h e  + s i g n  was taken i n  f r o n t  of t h e  square  root ,  so t h a t  Eq. (36 )  
2 reduces  t o  t h e  f i r s t - o r d e r  s o l u t i o n ,  when t h e  c o e f f i c i e n t  of Is t e n d s  
I 
toward z e r o ,  or I can be computed i n i t i a l l y  and a c o r r e c t i o n  can be 





2 2  2 l  
1 F [n / ( n  - l ) ] Y L  + (AKD/4f )Is sec x 
I =  
S (37 )  
The c h o i c e  of s i g n s  i n  Eqs. (32 )  through (37) depends on which of t h e  
t w o  magnetoionic modes i s  rece ived .  
I n  t h e  Northern Hemisphere, a downward propagat ing  wave w i t h  r i g h t -  
c i r c u l a r  (c lockwise)  p o l a r i z a t i o n  i s  t h e  e x t r a o r d i n a r y  component. 
a c i r c u l a r l y  p o l a r i z e d  ground r e c e i v i n g  antenna p o i n t i n g  upward t o  a 
s a t e l l i t e  w i l l ,  i n  g e n e r a l ,  s e l e c t  t h e  o r d i n a r y  mode (upper s i g n  i n  our  
e q u a t i o n s )  i f  it i s  lef t - c i r c u l a r  (counterc lockwise)  and v ice-versa .  
Hence 
W e  see t h a t  a l e f t - c i r c u l a r  antenna i n  t h e  Northern Hemisphere, 
( 3 2 ) ,  causes  a p a r t i a l  imposing t h e  use  of a nega t ive  s i g n a l  i n  Eq. 
c a n c e l l a t i o n  of t h e  geomagnetic c o r r e c t i o n  by t h e  t h i r d  t e r m  i n  t h e  b r a c k e t .  
The use of such an antenna thus minimizes t h e  second-order c o r r e c t i o n s  f o r  
d i f f e r e n t i a l - D o p p l e r  measurements. 
B. FARADAY-ROTATION-ANGLF: METHOD 
Again r e f e r r i n g  t o  ROSS' paper  [1965] w e  f i n d  t h a t ,  i f  R' is t h e  
f i r s t - o r d e r  approximation of t h e  Faraday r o t a t i o n  a n g l e ,  then t h e  second- 
o r d e r  a n g l e  R is given b y  
Here J i s  a geometr ica l  f a c t o r  d e f i n e d  by 
J = t a n  x ( t a n  x - t a n  e )  
and x and 0 have t h e  same meaning a s  i n  Sec.  V I 1 . C .  
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I f  t h e  source is w e l l  above most i o n i z a t i o n ,  f3 >> 1 and, by u s i n g  
Eq. (31) ,  w e  ge t  
n = n ' l + - I ( l + J )  . [ hK; 2f s 1 
2 since = (KFG/f ) I ~ ,  w e  can f i n d  a q u a d r a t i c  f o r  Is: 
A K ~ K ~ G  ( I+ J KFG 
4 I S f  + 2 1 S - R = o ,  
2f 
which may be solved d i r e c t l y  or through t h e  same p r o c e s s  of i t e r a t i o n  
used i n  t h e  l a s t  s e c t i o n ,  y i e l d i n g  
I n  view of  t he  r e l a t i v e l y  h igh  f requency  used (40 M c )  t h e  second- 
o r d e r  c o r r e c t i o n s  d i s c u s s e d  i n  t h i s  c h a p t e r  a r e  r e l a t i v e l y  small .  
Using t h e  more f a v o r a b l e  antenna p o l a r i z a t i o n ,  l e f t - c i r c u l a r ,  a l l u d e d  






Second-order Correct ion 
f o r  Faraday f o r  Doppler 
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c 
If a right-circular antenna is used, the corrections f o r  Doppler are 
roughly doubled while those f o r  Faraday remain unchanged. It should be 
pointed out that these corrections are azimuth-dependent, as a result of 
the geomagnetic-f ield influence. 
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ERRATA 
Page 
7 Caption of  F igu re  4 should r ead :  
are c l e a r l y  v i s i b l e  i n  t h e  beginning of t h e  v e r t i c a l - c o n t e n t  
curves  i n  a. and i n  t h e  end i n  c , ,  r e s p e c t i v e l y . "  
"Sunset and s u n r i s e  e f f e c t s  
3 The fo l lowing  sentence should be added t o  t h e  c a p t i o n  on 
F i g u r e  5 :  "The d i f f e r e n c e  has  been conver ted  t o  ' v e r t i c a l  
columnar c o n t e n t '  a s  expla ined  i n  S e c t i o n  V I I . "  
45 and 47 The e l e c t r o n  concen t r a t ions  i n  t h e  examples a r e  p e r  cubic  
cen t ime te r  and not p e r  cubic  meter  as i n d i c a t e d .  
The r e f e r e n c e  t o  F igure  2 1  should be o m i t t e d .  46 
